We investigate the 2-d O(3) model with a θ -term as a toy model for slowly walking 4-d non-Abelian gauge theories. Using the very efficient meron-cluster algorithm, an accurate investigation of the scale dependence of the renormalized coupling is carried out for different values of the vacuum angle θ . Approaching θ = π, the infrared dynamics of the 2-d O(3) model is determined by a non-trivial conformal fixed point. We provide evidence for a slowly walking behavior near the fixed point and we perform a finite-size scaling analysis of the mass gap. source: https://doi.org/10.7892/boris.46325 | downloaded: 26.12.2019
Introduction
The Higgs mechanism is responsible for electroweak symmetry breaking in the Standard Model of particle physics. It is based on introducing a scalar field -the Higgs field -that gives mass to the weak bosons W ± and Z 0 and to the fermions. Although this mechanism provides a very successful description of the electromagnetic and weak interactions, there are theoretical arguments which suggest that it is a low-energy description of some other phenomenon. In fact, because of radiative corrections, an unnatural fine-tuning to enormous precision has to be performed. Moreover, in the context of a grand unified approach, there is a hierarchy of very different energy scales that cannot be explained in a natural way. Some extensions of the Standard Model propose that the Higgs field is an effective field which results from a fermion-antifermion condensate. Other important phenomena in Nature show a similar behavior. For instance, superconductivity can be described by an Abelian-Higgs model where the Higgs field is an effective field following from the condensation of Cooper pairs. Another example is given by QCD: it has a low-energy effective description given by Chiral Perturbation Theory and based on theuark condensate.
Technicolor models rely on a similar approach and date back to the late '70s [1, 2, 3] . The idea is to replace the Higgs sector of the Standard Model by a high energy variant of QCD, involving technigluons and techniquarks undergoing spontaneous chiral symmetry breaking and producing a condensate. This approach is successful from the general viewpoint but has problems when it is confronted with accurate electroweak precision measurements [4] . In particular, there are problems in suppressing contributions to flavor changing neutral currents and obtaining heavy fermion masses. One way out of this problem has been to endow a technicolor-extended Standard Model [5] with an infrared dynamics that differs from QCD. In QCD, the β -function has a single ultraviolet fixed point and the renormalized coupling increases quickly as one moves towards low energy scales. A different infrared dynamics takes place when the β -function has a second fixed point. In this case, the renormalized coupling no longer increases indefinitely as one considers low energy scales but it approaches a constant value determined by the infrared fixed point [6] . The actual position of the infrared fixed point depends on the renormalization scheme. The existence of a second fixed point is a feature of the specific theory, namely it is determined by the gauge symmetry group, by the number of fermionic flavors, and by their representations. However, it is important to keep in mind that the existence of a non-trivial fixed point can eventually depend on the scheme [7] .
Yet another infrared dynamics happens when the β -function almost touches zero and thus gets close to having a second fixed point. In this situation, the renormalized coupling quickly increases as the energy scale is lowered from the ultraviolet. However, when the β -function is almost vanishing, the renormalized coupling becomes practically independent of the energy scale. Hence the renormalized coupling does not run but it "walks" and the theory is said to show a slowly walking behavior [8, 9, 10] . Only when one reaches very low energy scales, the β -function is no longer small and the renormalized coupling starts to increase again.
It has been shown that slowly walking technicolor models may solve the difficulties to describe the experimental data and they turn out to be possible candidates for the mechanism of electroweak symmetry breaking. Many investigations have been carried out to study whether there are non-Abelian gauge theories with some fermionic matter content showing a slowly walking behavior. In order to address this problem from first principles, one must perform non-perturbative numerical investigations using the lattice formulation; see, for instance, [11, 12, 13, 14, 15, 16, 17, 18] . This is very challenging from the numerical viewpoint and it often happens that the results collected by different groups using different approaches are not consistent with each other. Hence it is very helpful to have an asymptotically free simple model which displays walking behavior that can be studied with very high accuracy and that can be used as a benchmark for this kind of investigations. A model with these properties is the 2-d O(3) model with a θ -term [19, 20] .
The 2-d O(3) model with a θ -term
The 2-d O(3) model shares many important features with 4-d non-Abelian gauge theories. It is asymptotically free and it has a non-perturbatively generated mass gap. The Euclidean action in the continuum is given by
where e(x) is a 3-component unit vector defined at the point x of a 2-d space-time and g is the coupling constant. The model has instantons and topological sectors characterized by a topological charge Q defined by
Similar to non-Abelian gauge theories, this leads to non-trivial θ -vacuum effects when a term iθ Q[ e] is added to the action. The topological susceptibility of the 2-d O(3) model is logarithmically divergent in the ultraviolet cutoff but the 2-point function of the topological charge density is a well-defined quantity. This poses the question whether the concept of topological sectors is meaningful or not and whether θ is a relevant parameter or it just renormalizes to zero non-pertubatively. It turns out that θ is a relevant parameter which distinguishes different quantum field theories [21] . 23, 24] and θ = π [25] but not at intermediate values. The mass gap M at θ = 0 is given by M = 8 e Λ MS in the MS scheme [26] . Since perturbation theory is blind to the vacuum angle θ , the same energy scale Λ MS is present in the spectrum for every value of θ . This property is valid also non-perturbatively. The mass gap for the O(3) model has been computed analytically at θ = 0 [33] and θ = π [34] also in a finite spatial volume L.
Based on the exact S-matrix [25] , the 2-d O(3) model at θ = π at energies much lower than Λ MS has an effective description given by the k = 1 Wess-Zumino-Novikov-Witten (WZNW) model [27, 28, 29] which has the following Euclidean action
(2.
3)
The matrix-valued field U(x) belongs to SU(2) = S 3 and g is a coupling constant. The WZNW term, S W ZNW , is given by
where H 3 is a 3-d hemisphere whose boundary ∂ H 3 = S 2 is the compactified 2-d space-time. The WZNW model has a global chiral symmetry SU(2) L × SU (2) 
The numerical study
We regularize the 2-d O(3) model on a triangular lattice. The lattice action is the standard nearest-neighbor action with the additional constraint than the angle between neighboring spins cannot be larger than 2π/3:
for e x · e y > − 1 2 and s( e x , e y ) = ∞ otherwise. We then add a θ -term involving the topological charge Q. We use the geometric definition of the topological charge [30] , given by the sum of the charge densities associated with each individual triangle. The charge density q xyz ∈ [− 1 2 , 1 2 ] of a triangle xyz is given by the area of the spherical triangle defined by the spins at the corners x, y, and z R exp(2πiq xyz ) = 1 + e x · e y + e y · e z + e z · e x + i e x · ( e y × e z ), R ≥ 0.
(3.
2)
The partition function is then given by
The aim of this study is to investigate the scale dependence of a renormalized coupling and observe the change from running to walking as we approach θ = π. We consider the mass gap scheme [31, 32] and we define the running coupling constant α(θ , L) = g 2 (θ , L) ≡ m(θ , L)L through the mass gap m(θ , L) in a periodic volume of spatial size L. The corresponding β -function is given by L) . The mass gap is obtained from the zero-momentum two-point function
where E(t) = ∑ x 1 e x is the average of the spins belonging to a given time-slice x = (x 1 ,t). The mass gap at finite volume can be computed analytically both at θ = 0 [33] and at θ = π [34] . Since the infinite volume mass gap M at θ = 0 does not vanish, the renormalized coupling α(0, L) → ML increases linearly for large L. Instead, at θ = π, the mass gap vanishes and the coupling approaches the fixed point α(π, L) → α = π as L → ∞. Thus, the β -function has a second fixed point at α = π, i.e. β (θ = π, α = π) = 0 [37] , in addition to the Gaussian fixed point at α = 0. The fixed point of the β -function at θ = π is a double zero and expanding near this fixed point shows that large logarithmic finite-size corrections are present:
. The numerical simulation of the 2-d O(3) model with a θ -term is non-trivial: the contribution of the θ -term to the Boltzmann factor is oscillatory and leads to a severe sign problem. However, in this case, the meron-cluster algorithm [40] partially tames the problem, making the numerical simulations feasible. We have performed numerical simulations choosing the renormalization point α(θ = 0, Mr 0 = 0.2671536) = m(θ = 0, Mr 0 = 0.2671536)r 0 = 1.0595 [32, 41] . Then we have investigated the behavior of the renormalized coupling at the scales ML = sMr 0 with s = 0.15, . . . , 1 in the ultraviolet region and with s = 2, . . . , 32 in the infrared regime. The data from numerical simulations have been complemented with 3-loop analytic perturbative results in the range s = 10 −16 , . . . , 0.1 [32] . At each energy scale s we first take the continuum limit considering 4-5 different values for the lattice spacing.
The left panel of figure 1 shows the dependence of the renormalized coupling α(θ , L) on the scale L at various values of θ . Except for θ ≈ π, the coupling clearly shows a running behavior and it ultimately rises linearly with a slope that decreases as θ → π. The curves for 0 ≤ θ ≤ 3π/4 show the effect of leading finite-size corrections exp(−mL)/ √ mL to the infinite-size mass gap m. The behavior changes close to θ = π and the running of the renormalized coupling slows down. At θ = π we know that the approach to the fixed point value π is extremely slow with a 1/ log(ML) correction. By spline interpolation, we derive the β -function that is shown in the right panel of figure 1 . We observe the familiar running of the β -function for θ = 0, π 2 . A different behavior starts to show up for θ = 3π 4 and it becomes evident for θ = 0.92 π. At θ = π we observe the conformal fixed point responsible for the walking behavior.
The infrared conformal fixed point at θ = π is a critical point and so it is interesting to perform a finite size scaling investigation of the mass gap. The dependence of the infinite-volume mass gap
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Walking near a conformal fixed point M. Pepe on θ is known [37] m(θ , L → ∞) ∼ |θ − π| 2/3 | log(|θ − π|)| −1/2 . Figure 3 shows its behavior as a function of the finite size scaling variable MLt 2/3 / | log(t/t 0 )|, where t is the reduced coupling t = 1 − θ /π, and t 0 = 70. The data fall on a universal curve, confirming the critical exponent 2/3 of the WZNW model in eq.(3.6). The curve displays both the slow walking near π, and the linearly rising regime as L → ∞. 
Conclusions
We have investigated the 2-d O(3) model with a θ -term. It is an asymptotically free theory with a slowly walking behavior near the infrared conformal fixed point at θ = π. It is a very interesting toy model for slowly walking 4-d non-Abelian gauge theories whose non-perturbative investigation is highly challenging. The 2-d O(3) model with a θ -term captures the relevant features of a non-Abelian slowly walking theory and thus provides an ideal theoretical laboratory where all these properties can be studied accurately.
